Extensions for supersingular representations of 



Let p > 2 be a prime number. Let G := GL 2 (Q p ) and tt, t smooth 
irreducible representations of G on F p -vector spaces with a central 
character. We show if tt is supersingular then Extjj(r, tt) 7^ im- 
plies t = tt and compute the dimension of Extg(7r, tt). This answers 
affirmatively for p > 2 a question of Colmez. We also determine 
Ext^(r, 7r), when 7r is the Steinberg representation. As a consequence 
of our results combined with those already in the literature one knows 
extensions between all the irreducible representations of G. 



In this paper we study the category Repg- of smooth representa- 
tions of G := GL2(Q P ) on F p -vector spaces. Smooth irreducible F p - 
representations of G with a central character have been classified by 
Barthel-Livne [1] and Breuil [4]. A smooth irreducible representation 
tt of G is supersingular, if it is not a subquotient of any principal series 
representation. Roughly speaking a supersingular representation is an 
Fp-analog of a supercuspidal representation. 

Theorem 1.1. Assume that p > 2 and let r and tt be irreducible 
smooth representations of G admitting a central character. If tt is 
supersingular and Ext^(r, tt) 7^ then r = tt. Moreover, if p > 5 then 
dimExt^(7r, tt) = 5. 

This answers affirmatively for p > 2 a question of Colmez, see the in- 
troduction of [7] . When p = 3 there are two cases and we can show that 
in one of them dimExtg-(7r, tt) = 5, in the other dimExtJj(7r, tt) < 6, 
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which is the expected dimension. We note that if r is a twist of Stein- 
berg representation by a character or irreducible principal series then 
Colmez [7, VII. 5. 4] and Emerton [8, Prop. 4.2.8] prove by different 
methods that Extg(r, tt) = 0. Our result is new when r is supersin- 
gular or a character. 

We now explain the strategy of the proof. We first get rid of the 
extensions coming from the centre Z of G. Let £ : Z — > ¥ p be the 
central character of it, and let Rep G ^ be the full subcategory of Rep G 
consisting of representations with the central character £. We show 
in Theorem 8.1 that if Extg(r, 7r) / then r also admits a central 
character £. Let Extg ^(r, tt) parameterise all the isomorphism classes 
of extensions between ir and r admitting a central character £. We 
show that if r ^ 7r then Extg ^(r, 7r) = Ext^(r, ir) and there exists an 
exact sequence: 

Ext^^Tr, tt) Extc( 7r,7r) — > Hom(Z, F p ) — >■ 0, (1) 

where Horn denotes continuous group homomorphisms. Let I be the 
'standard' Iwahori subgroup of G, (see §2), and I\ the maximal pro-p 
subgroup of /. Since Q is smooth, it is trivial on the pro-p subgroup 
I\ H Z, hence we may consider £ as a character of Zl\. Let % := 
Endg (c-Indf II Q be the Hecke algebra, and Mod% the category of 
right ^-modules. Let X : Rep G ^ — > Mod% be the functor 

1( K ) := K h ^ Hom G (c-Indg h (, k). 

Vigneras shows in [18] that X induces a bijection between irreducible 
representations of G with the central character £ and irreducible T~L- 
modules. Using results of Ollivier [13] we show that there exists an 
J^2-spectral sequence: 

Ex4,(X(T),^X(7r)) Extg(r,7r). (2) 

The 5-term sequence associated to (2) gives an exact sequence: 

-»• Ext^(X(r),Z(7r)) -> Ext^ c (r,7r) -> Hom H (X(r), M 1 Z(vr)). (3) 

Now Ext^(Z(r),X(7r)) has been determined in [6] and in fact is zero 
if r ^ 7T. The problem is to understand M 1 X(7r) as an 'H-module. 

We have two approaches to this. Results of Kisin [10] imply that 
the dimension of Ext£.(7r,7r) is bounded below by the dimension of 
Ext<5 Q (z '/ 9 )' wnere P is the 2-dimensional irreducible F p -representa- 
tion of Gq p , the absolute Galois group of Q p , corresponding to tt under 
the mod p Langlands, sec [5], [7]. (Excluding one case when p = 3.) 
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Let 3 be the image of Ext^ ^Tr, vr) Hom w (Z(vr), R 1 X(vr)). Using (1) 
and (3) we obtain a lower bound on the dimension of 3. By forgetting 
the %-module structure we obtain an isomorphism of vector spaces: 

R 1 1(tt)^H 1 (I 1 /Z 1 ,tt), 

where Z\ is the maximal pro-p subgroup of Z. The key idea is to 
bound the dimension of H l (I\/Zi, tt) from above and use this to show 
if I(t) was a submodule of R 1 I(tt) for some r ^ tt then this would 
force the dimension of 3 to be smaller than calculated before. 

At the time of writing (an n-th draft of) this, [10] was not written up 
and there were some technical issues with the outline of the argument 
in the introductions of [7] and [9], caused by the fact that all the 
representations in [7] are assumed to have a central character. Since 
we only need a lower bound on the dimension of Ext^(7r, tt) and only 
in the supersingular case, we have written up the proof of a weaker 
statement in the appendix. The proof given there is a variation on 
Colmez-Kisin argument. 

In order to bound the dimension of H x (l\jZ\,Tr) we prove a new result 
about the structure of supersingular representations of G. Let M be 
the subspace of tt generated by tt 11 and the semi-group 
may show that M is a representation of /. 

Theorem 1.2. The map (v,w) >->• v — w induces an exact sequence of 
I -representations: 

0-^7T Jl -^Men.M-^7r->0, 



where H = 




We show that the restrictions of M and M/tt 11 to I(~\U, where U is the 
unipotent upper triangular matrices, are injective objects in Rep InU . 
If ip : I — >■ F p is a smooth character and p > 2, using this, we work 
out Ext}^ (tp, M) and Ext} /^(V 7 , M/tt 11 ). Theorem 1.2 enables us to 
determine H X {1\IZ\, tt) as a representation of /, see Theorem 7.9 and 
Corollary 7.10. Once one has this it is quite easy to work out R x T{tt) 
as an %-module in the regular case, see Proposition 10.5, without using 
Colmez's work. It is also possible to work out directly the ^-module 
structure of M 1 T(tt) in the Iwahori case. However, the proof relies 
on heavy calculations of Ext^(l,7r) and Ext 1 K (St, tt), where K := 
GL2(Z p ) and St is the Steinberg representation of K/K\ = GL2(F p ). 
So we decided to exclude it and use "strategic de Kisin" instead. 
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The primes p = 2, p = 3 require some special attention. Theorem 1.2 
holds when p = 2, but our calculation of H x (I\jZ\, it) breaks down 
for the technical reason that the trivial character is the only smooth 
character of /, when p = 2. However, if p = 2 and we fix a central 
character ( then there exists only one supersingular representation 
(up to isomorphism) with central character £. Hence, it is enough to 
show that Ext^(r, ir) = when r is a character, since all the other 
cases are handled in [7, VII. 5. 4], [8, §4]. It might be easier to do this 
directly. 

Let Sp be the Steinberg representation of G. After the first draft 
of this paper, it was pointed out to me by Emerton that it was not 
known (although expected) that Ext^.(ry, Sp) = 0, when r] : G — > ¥ p 
is a smooth character of order 2 (all the other cases have been worked 
out in [8, §4], see also [7, §VII.4,§VII.5]). A slight modification of our 
proof for supersingular representations also works for the Steinberg 
representation. In the last section we work out Extg(r, Sp) for all 
irreducible r, when p > 2. As a result of this and the results already 
in the literature ([6], [7], [8]), one knows Ext^(r, n) for all irreducible 
r and 7r, when p > 2. We record this in the last section. 

Acknowledgements. The key ideas of this paper stem from a joint 
work with Christophe Breuil [6]. I would like to thank Pierre Colmez 
for pointing out this problem to me and Florian Herzig for a number 
of stimulating discussions. I would like to thank Gaetan Chenevier, 
Pierre Colmez and Mark Kisin for some very helpful discussion on 
the "strategic de Kisin" outlined in [7] and [9]. This paper was writ- 
ten when I was visiting Universite Paris-Sud and IHES, supported by 
Deutsche Forschungsgemeinschaft. I would like to thank these insti- 
tutions. 



Let G := GL2(Q P ), let P be the subgroup of upper-triangular matri- 
ces, T the subgroup of diagonal matrices, U be the unipotent upper 
triangular matrices and K := GL2(Z p ). Let p := pZ p and 



2 Notation 




For A <G F p we denote the Teichmiiller lift of A to Z p by [A] 



Set 
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— X 

Let a : H — >■ ¥ p be the character 



«<(0 ;,]):= AM- 



Further, define 



n:=| iV s: -^° ^ *- ^ ° 



For A € Fp we define an unramified character : Q* — >■ Fp, by 
x t — ^ A val W. 

Let Z be the centre of G, and set Zi := Z n I±. Let G° := {5 G G : 
det 5 GZ p x } and set G+ := ZG°. 

Let Q be a topological group. We denote by Hom(<?, F p ) the contin- 
uous group homomorphism, where the additive group F p is given the 
discrete topology. If V is a representation of Q and S is a subset of 
V we denote by (Q . S) the smallest subspace of V stable under the 
action of Q and containing S. Let Rep^ be the category of smooth 
representations of Q on F p -vector spaces. If Z is the centre of Q and 
£ : i? — 7- F^ is a smooth character then we denote by Repg ^ the full 
subcategory of Repg consisting of representations with central char- 
acter (. 

All the representations in this paper are on F p -vector spaces. 



3 Irreducible representations of K 

We recall some facts about the irreducible representations of K and 
introduce some notation. Let a be an irreducible smooth represen- 
tation of K. Since K\ is an open pro-p subgroup of K, the space of 
ETi-invariants a Kl is non-zero, and since K\ is normal in K, a Kl is a 
non-zero .ftT-subrepresentation of a, and since a is irreducible we obtain 
Hence the smooth irreducible representations of K coincide 
with the irreducible representations of KjK\ = GL2(F p ), and so there 
exists a uniquely determined pair of integers (r, a) with < r < p — 1, 
< a < p — 1, such that 

a^Sym r Fj®det a . 

Note that r = dimcr — 1 and throughout the paper given a, r will 
always mean dimcr — 1. The space of ii -invariants a h is 1-dimensional 
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and so H acts on a 11 be a character Xa = X- Explicitly, 

We define an involution tr H- cr on the set of isomorphism classes of 
smooth irreducible representations of K by setting 

or := Sym p - r - 1 Fp®det r+a . 

Note that Xo- = X^- Eor the computational purposes it is convenient 

2 

to identify Sym r ¥ p with the space of homogeneous polynomials in 
F p [x,y] of degree r. The action of GL2(F p ) is given by 

" ^ .P{x,y) := P(ax + cy, bx + dy). 

With this identification a 71 is spanned by x r . 

2 

Lemma 3.1. let < j < r be an integer and define fj 6 Sym r F p <g) 
det a by 



lr-= E ^ (J J) 



T 

SX . 



If r = p — 1 and j = £/ien /o = (— l) a+1 (x r + y r ) ; otherwise f 3 



Proof. It is enough to prove the statement when a = 0, since twisting 
the action by det a multiplies fj by (dets) a = (— l) a . We have 

fi = E ^"''(Ax + yf = jz ( •) ( E A " '■' ?: '-'-'.'/ r '• ( 4 ) 

AeFp i=0 ^ ' AgF p 

If a > is an integer then A a := ^agf p ^° ^ s zero i unless a > 
and p — 1 divides a, in which case A a = —1. Note that 0° = 1. If 
a = p — 1 + i — j then A a ^ if and only if i = j or i — j = p — 1, 
which is equivalent to r = i = p — 1 and j = 0. This implies the 
assertion. □ 

Let ¥ P [[I fl J7]] denote the completed group algebra of i" fl U. Since 
IDU = Z p mapping X to — 1 induces an isomorphism between 

the ring of formal power series in one variable F P [[X]] and F p [[/n U]]. 
Every smooth representation r of I fl U is naturally a module over 
¥ p [[I fl C/]], and we will also view r as a module over F p [[X]] via the 
above isomorphism. 
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Lemma 3.2. Let x r G Sjm r ¥ 2 p ® det a i/ien X r sx r = (-l) a r!x r . 

Proof. We have sx r = (—l) a y r . If < i < r then X . x r ~ l y l = 
x r ~ l {y + 1)* — x r ~ l y % = ix r ~ l+1 y t ~ 1 + Q, where Q is a homogeneous 
polynomial of degree r, such that the degree of Q in y is less than i — 
Applying this observation r times we obtain that X r . y r = r\x r . □ 

4 Irreducible representations of G 

We recall some facts about the irreducible representations of G. We 

— 2 

fix an integer r with < r < p — 1. We consider Sym r F p as a 
representation of by making p act trivially. It is shown in [1, 
Prop. 8] that there exists an isomorphism of algebras: 

End G (c-Ind£ z Syn/ fj) ¥ p [T] 

for a certain T G End G (c-Ind£ z Sym r f|) defined in [1, §3]. One 

may describe T as follows. Let tp G c-Ind^- z Sym r Fp be such that 

Supp9? = ZK and 99(1) = x r . Since generates c-Ind^- z Sym r F^ as 
a G-representation T is determined by Tip. 

Lemma 4.1. (i) If r = i/ien 
(ii) Otherwise, 

Proof. In the notation of [1] this is a calculation of T([l,e^]). The 
claim follows from the formula (19) in the proof of [1] Theorem 19. □ 

It follows from [1, Thm 19] that the map T — A is injective, for all 
A G F p . 

Definition 4.2. Let 7r(r, A) be a representation of G defined by the 
exact sequence: 

c-Indf K Sym r fj c-Indf K Sym r fj vr(r, A) 0. 

^/ ?7 : Qp ~~ ► fp * s a smooth character then set ir(r, A, 77) := 7r(r, A) (g> 
?? o det . 
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It follows from [1, Thm.30] and [4, Thm.1.1] that vr(r, A) is irreducible 
unless (r, A) = (0, ±1) or (r, A) = (p — 1,±1). Moreover, one has 
non-split exact sequences: 

-> /x ±1 o det -> ir(p - 1, ±1) -> Sp <8> o det ->■ 0, (5) 

-> Sp ® /x ± i o det ->• 7r(0, ±1) -> jj, ±1 o det -> 0, (6) 

where Sp is the Steinberg representation of G, (we take (5) as defini- 
tion) and if A € F* then /x A : Q * ^ F* , x A val (^. Further, if A / 
and (r,A) / (0,±1) then [1, Thm.30] asserts that 

vr(r, A) ^ Ind£ fi x -i (g> fi x u r . (7) 

It follows from [1, Thm. 33] and [4, Thm 1.1] that the irreducible 
smooth representations of G with the central character fall into 4 
disjoint classes: 

(i) characters, rj o det; 

(ii) special series, Sp <8> rj o det; 

(iii) (irreducible) principal series 7r(r, A, 77), < r < p — 1, A 7^ 0, 
(r,A)^(p-l,±l); 

(iv) supersingular n(r, 0, 77), < r < p — 1. 

4.1 Supersingular representations 

We discuss the supersingular representations. Breuil has shown [4, 
Thm.1.1] that the representations 7r(r, 0, rj) are irreducible and using 
the results [1] classified smooth irreducible representations of G with 
a central character. 

Definition 4.3. An irreducible representation ir with a central char- 
acter is supersingular if n = 7r(r, 0, rj) for some < r < p — 1 and a 
smooth character rj. 

All the isomorphism between supersingular representations correspon- 
ding to different r and r\ are given by 

7r(r, 0, r\) = n(r, 0, rjji-i) = ir(p— 1 — r, 0, r]U) r ) = 7r(p — 1 — r, 0, rjuj r fi-i) 

see [4, Thm. 1.3]. It follows from [1, Cor. 36] that an irreducible 
smooth representation of G with a central character is supersingular if 
and only if it is not a subquotient of any principal series representation. 
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We fix a supersingular representation tt of G and we are interested 
in Ext(j(r, tt), where r is an irreducible smooth representation of G. 
If T] : G — > F* is a smooth character, then twisting by 77 induces an 
isomorphism 

Extc(r, tt) = Extc(r <g> rj, tt <g> 77). 

Hence, we may assume that p € Z acts trivially on 7r, so that tt = 
Tr(r,0,u a ), for some < r < p — 1, and < a < p — 1. It follows 
from [4, Thm. 3.2.4, Cor. 4.1.4] that -zr^ 1 is 2-dimensional. Moreover, 
[4, Cor. 4.1.5] implies that there exists a basis {v a ,v^} of tt 11 , such 
that ITuo- = v a , IlVv = v a and there exists an isomorphism of K- 
representations: 

(K . v a ) — o~, (K . v s ) = or, 

2 

where cr := Sym r F p <8) det a . The group H acts on v a by a character \ 
and on ^5- by a character x s . Explicitly, 

x( ( [ o [°]) ) = Ar(vr ' va ^ gF p- ( g ) 

Lemma 4.4. The following relations hold: 



= (-ir +1 £ a*- 1 - (J [A] ) 



iv*; (10) 



X r i^ = (-l) a rb CT , X^- 1 -^ = (-l) r+a (p - 1 - r)\v a . (12) 

2 

Proof. Since ti> 5- = sllv a = sv a this is a calculation in Sym r F p <8> det a , 
which is done in Lemmas 3.1 and 3.2. □ 

Definition 4.5. M := ^ ^ Z f ) ^ ) , M ff := ( ( p ™ and 
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Lemma 4.6. TTie subspaces M , M a , M a are stable under the action 
of I. 

Proof We prove the statement for M, the rest is identical. By defini- 
tion M is stable under IDU. Since I = (I n P S )(I Pi U) it is enough 
to show that M is stable under I d P s . Suppose that g\ € I (1 P s , 
g 2 € I fl U. Since / = (I DU)(I D P s ) there exists h 2 £ I (~)U and 
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hi G I D P s such that g\g 2 = h 2 h\. Moreover, for n > we have 
t~ n (I n P s )t n C 7. Hence, if v G vr 71 then (t^h^v G vr 71 and so 

gi (g 2 t n v) = h 2 h 1 t n v = h 2 t n (t- n h 1 t n )v G M, Vn G tt 71 . 

This implies that M is stable under I n P s . □ 

The isomorphism ir(r, 0, w a ) = 7r(p— r — 1,0, w r+a ) allows to exploit the 
symmetry between M a and In particular, if we prove a statement 
about M CT which holds for all a, then it also holds for (with a 
replaced by a). 

Proposition 4.7. The triples x ^ M a and x s ^ -^5- flr e injective 
envelopes of % and % s in Repjj( /in[/ ). In particular, Mj in7/ = F p n CT 
and M~ inC/ =F p ^. 

Proof. We will show the claim for M CT . The relations (12) imply that 

Va = (-l) r r!(p - 1 - r)!X r+ ^- 1 - r )t 2 n c7 . 

For n > define A n := ((— l) r r!(p — 1 — r)!) n , eo := and e„ := 
r + p{p-\-r) + p 2 e n -i. Further define Ivl an := ((h n U)t 2n v a ). 
Since t 2ri n CT = AiX p2nei t 2 ( n+1 )n CT , M CTjn is contained in M CT , n +i and 
hence 

M CT = lim M an . 

n 

Since n CT = AnX 6 ™* 2 ™^ and Xv a = we obtain an isomorphism 
M ayn ¥ p [X]/(X e " +1 ). In particular, for all n > we have M 7l n nC/ = 
FpVa, and so M 710 * 7 = ¥ p v a . Given m > 0, set W m := (J p ™), choose 
n such that e n > p m and define M' cm := ((h n 17) . X e " +1 -P m t 2n u CT }. 
Then M^ m = ¥ p [X}/(X pm ) ^ is an injective envelope of X in 

^ e PH(hr\U)/u m - Since M CT = lim M' a m we obtain that M a is an injec- 
tive envelope of x i n R- e P_ff(/inl/)- '-' 

Lemma 4.8. Let n > be an odd integer then t n v a G and t n v& G 
M a . Hence, tM a C M 5 and iM^ C M c . 

Proof. It follows from the definition that t 2 M& C Hence, it 

is enough to consider n = 1. Applying i to (12) we obtain in^ = 
(— l) a (r\)~ 1 X pr t 2 v^ G M5-. If fc,m > are integers and m even then 
we have t(X k t m v a ) = X pk t m (tv a ) and since tv a G and m is even 
we obtain t(X k t m v a ) G M a . The set {X k t m v a : k, m > 0, 2 | m} spans 
M CT as an F p -vector space. Hence, tM a C M^. The rest follows by 
symmetry. □ 
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Lemma 4.9. We have sv a G M a and sv„ G 

Proof. Since sv a = sTlv^ = tv& this follows from Lemma 4.8. □ 
Lemma 4.10. M is the direct sum of its I-submodules M a and 

Proof. Proposition 4.7 implies that (M a n M a ) h = M^ 1 n M 1 - 1 = 
FpVa n FpVa = 0. Hence M a n = and so it is enough to show- 
that M = M a + M<j. Clearly, M a C M and M„ C M. Lemma 4.8 
implies M C M a + . □ 

Definition 4.11. M^e set 7r CT := M a + IT . M a and 7r 5 := Mg + II . M a . 

Proposition 4.12. The subspaces ir a and tt^ are stable under the 
action of G + . 

Proof. We claim that svr CT C 7r CT . Now s(UM a ) = tM s C M a by 
Lemma 4.8. It is enough to show that sM a C 7r CT . By definition of M a 
it is enough to show that s(ut n v a ) £ for all u £ 2i fl £/ and all even 
non-negative integers n. Lemma 4.9 gives sv a G M CT and if n > 2 is 
an even integer then st n v a = Ht n ~ 1 v (7 G IIMg by Lemma 4.8. Since 
s(K 1 n U)s = h fl II s for all ue KiC\U, and n > even, we get that 
sut n v a G 7r CT . If u G (/i fl U) \ (Ki fl U) and n > even, then the 
matrix identity: 

(; i) c. f) - (r j) (/- ;) 

implies that sut n v a G M a . This settles the claim. By symmetry is 
also stable under s, and since 7r CT = ILrg, we obtain that 7r CT is stable 
under ILsII -1 . Lemma 4.6 implies that 7r CT is stable under /. Since s, 
risll -1 and / generate G°, we get that ir a is stable under G°. Since Z 
acts by a central character, ir a is stable under G + = ZG°. The result 
for 7T5- follows by symmetry. □ 



5 Extensions 



In this section we compute extensions of characters for different sub- 
groups of /. 

Definition 5.1. Let k u , e, k 1 : I\ — > ¥ p be functions defined as follows, 
for A = | ^ | G I\ we set 

K u (A)=oj(b), £(A)=u(p-\a-d)), k 1 {A) = uip^c), 
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where u : Z p — > ¥ p is the reduction map composed with the canonical 
embedding. 

Proposition 5.2. If p + 2 then Hom(Ji/Zi,F p ) = (k u ,k 1 ). If p = 2 
then dimHom(/i/2'i,Fp) = 4. 

Proof. Let -ip : I\jZ\ — > ¥ p be a continuous group homomorphism. 
Since h DU = h t~)U s = Z p there exist A,/i£F p such that ip\i in u = 
Xk u and i^\i 1 nu s = M^- Then ijj — \k u — /j,k 1 is trivial on I\ n £7 and 
/i H f/ s . The matrix identity 

A A [1 0\ ( 1 0\ /(l + a/3) (3 \ 

\0 l)\a I J {ail + ap)- 1 l)\ (l + a/3)- 1 ) 

(14) 

implies that h (~l U and Ji n C/ s generate h n SL 2 (Q p ) . So Y> - Ak" - /j,k 1 
must factor through det. The image of Z\ in 1+p under det is (1+p) 2 . 
If p > 2 then (1 + p) 2 = 1 + p and hence ^ = Aft" + [IK 1 . If p = 2 then 
dimHom((l +p)/(l + p) 2 ,F p ) = 2. □ 

Lemma 5.3. Assume p > 2 then Hom((ii f] P)/Z\,¥ p ) = (k u ,£) and 
Rom((I 1 nP s )/Z 1 ,¥ p ) = {K l ,e). 

Proof. Let tp : (I± fl P)/Z\ — > ¥ p be a continuous group homomor- 
phism. Since I\ n £/ = Z p there exist A £ F p such that f/'li'int/ = Ak u . 
Then ^ — Xk u is trivial on I\ n [/, and hence defines a homomorphism 
(A n P)/Z l (I 1 nC/) = (Tn ii),% -+ F p . Since p > 2 we have _an iso- 
morphism (T(~i/i)/Zi = 1+pZp = Z p . Hence, there exists fi £¥ p such 
that i/j = /j,£ + Xk u . Conjugation by II gives the second assertion. □ 

Proposition 5.4. Let x,4> '■ H — > F* 6e characters. Ext]y Zi (tp, \) ^ s 
non-zero if and only if ip = x a or tp = x a ~ X ■ Moreover, 

(i) ifp>3 then dimExt} /Zi (xa, x) = dimExt^^a^ 1 ^) = 1/ 
(ii) if p = 3 then \ a = X a ^ an d dim Ext} , Zi (xct, x) = 2/ 
(Hi) if p = 2 then x = X a = X a_1 = 1 an d dimExt}/ Zi (1, 1) = 4. 

Proof. Since the order of H is prime to p and / = HIi we have 

Ext} /Zi (V, X) = Hom H ty, H\h/Z uX ))- 

Now H 1 (h/Z 1 , X ) = Hom(7i/Zi,F p ), where if £ € Hom(/i/Zi, F p ) 
and h £ H then [/i.£](u) = x(h)^(h~ lun )- The assertion follows from 
Proposition 5.2. □ 
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Similarly one obtains: 

Lemma 5.5. Let x, tp : H — >■ F* 6e characters and let 11 = 

/or some integer k then Ext^ w (V>,x) / «/ and on/t/ if ip = xa _1 . 
Moreover, dimExt^ w (xa" 1 , x) = 1. 

Lemma 5.6. 7e£ x> ^ : i7 — >■ F* 6e characters and let U = ( p fc 1 ) /or 
some integer k then Ext^^, x) 7^ if and only ifip = x a - Moreover, 
dimExt^ w (xa,x) = 1- 

Lemma 5.7. Assume p > 2 and let x,ip '■ H F* 6e characters then 
Ext (/inP)/z 1 (V ; >x) / z/ and on/y if ip £ {x,Xa -1 }- Moreover, 

dimExtf /nP)/Zi (xa _1 ,x) = dimExtJ /nP)/Zi (x, x) = 1- 

Lemma 5.8. Assume p > 2 and let x,ip ■ H — > F* 6e characters then 
Ext (/inP)/Zi(V ; >x) /Oi/ arid on/y if ip (z {x,Xa}- Moreover, 

dimExt( /nps)/Zi (xa,x) = dimExtf 7nps)/Zi (x,x) = 1- 

Proposition 5.9. Let \ : H — > F* 6e a character and let x ^ J x 
be an infective envelope of x in R e PH(hnU)> then (J x /x) IinU i s 1- 
dimensional and H acts on it by x a l - Moreover, x a ~ l ^xlx i & 
an injective envelope of x a l in ^ e PH(hnU)- 

Proof. Consider an exact sequence of H(L n [^-representations: 

o -> x -»• d x -»• «/ x /x -> o. 

Since J x is an injective envelope of x in RePmu taking I\ n £7 invari- 
ants induces 7f-equivariant isomorphism {J x /xY inU — n U,x)- 
It follows from Lemma 5.5 that dim( J x /x) IlC[U = 1 an d 7f acts on 
{J x /x) IinU y i a the character x " 1 - Let J XQ -i be an injective enve- 
lope of x a_1 i n R- e P_H"(/inl/)> then there exists an exact sequence of 
H(Ii n [^-representations: 

-> J x /x -»■ J xa -i ->• Q -> 0. 

Since J xa -i is an essential extension of x a l i we have d^ n ^ — X a l - 
Hence taking (Ji PI [7)-invariants induces an isomorphism Q IlC[U = 
H 1 ^ n 17, J x /x) = i7 2 (/i n 17, x)- Since 7i n L7 = Z p is a free pro-p 
group we have i7 2 (7i n U,x) = 0, see [17, §3.4]. Hence Q hnU = 0, 
which implies Q = 0. □ 



13 



Lemma 5.10. Let i : J <—> A be a monomorphism in an abelian 
category A. If J is an injective object in A then there exists a : A — ^ J 
such that a o i = id. 

Proof. Since J is injective the map Rom^(A, J) — > Hom^( J, J) is 
surjective. □ 



6 Exact sequence 



Let 7r := 7r(r, 0,77) with < r < p — 1. We use the notation of 
§4.1, so that a := Sym r F p (8) det a , with det a = 77 o det and x : 

H — > ¥p a character as in (9). We construct an exact sequence of 
/-representations which will be used to calculate hV-{I\jZ\, ir). 

Lemma 6.1. If r 7^ then set 

w ° ■= E XP ' r (I [ ?W + (Emk. 

Then w a is fixed by I\ D i-* s and 
'1 1 



() ( , w a = w c - (-l) a rv a . 



If r = i/ien set 
T/ien 

(0 1) ^ = ^ + ^ Q 1) ^ = w ° - ( E ^ 2 )^- 



// a G [x] + p, (3 G [y] + p then 

( 1+ pa 1+°^) w ° = ^ + ( x -y)(E 

Proof. We set 77; := ttv Suppose that r 7^ 0. Now £tj s = sHv^ = stv. 

2 

Hence, if we identify v a with x r G Sym r F p <S> det a then Lemma 3.1 
applied to j = r — 1 gives 77; = — (— l) a rx r_1 y. This implies the 
assertion. 
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Suppose that r = and let P(X) := XP + l ^ x + 1 ) p € z[X], then [16] 
implies that 



1 1 
1 



w 



E a (J 1 + M + "MW 

E A A l^ + i] + riA + PW]V v 



(15) 



Hence, 



ea(j 

E (a-^-d)(J M+ / [A1 )*v 

„c¥.. V / 



\,fi€¥ p 
W 



e ^-dC [ " i+ 1 !,|ai )^ <i6) 

+ (-irE p (^- 1 )(J 



= w + (^ p(/x-i)K, 

MeFp 

where the last two equalities follow from (10), (11). If p = 2 then 
P(X - 1) = 1 - X, otherwise P(X - 1) = Y^ZIp' 1 Q X^-lp-*. 
Hence ^ eFp P t> ~ = ~ £ M eF* = L 
Now t 2 v a is fixed by I and /i n P s , so the matrix identity 



1 1 

1 0\ A a\ _ fl a(l + 0/3)-^ /(l + 0/3)- 1 



implies that 



1 oV„_ xA M+p[a-m 2 A +2 
p 1 



A,/iSF p 



E Mo i K"" 



E (A+f 2 )( M+ 1 p|A| )tV = »-(E" 2 K- 

A,/iGF p ^ 7 ^eF p 

(18) 
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If a G [x] + p and /3 € [y] + p then the same argument gives 
(1+pa \ v ./l M+p[A + /i(x-y)]\ 2 

= u> + (x-y)(^ fi)v a . 

neFp 

(19) 
□ 

Proposition 6.2. We have (M a /FpV CT ) 7inC/ = (M a /¥ p v a ) h . More- 
over, let A a be the image of (M a /¥ p v a ) h in H 1 (Ii , 1) ^ Hom(7i,F p ). 
Then the following hold: 

(i) if either r / or p > 3 then A a = ¥ p K u ; 
(ii) if 'p = 3 and r = then A CT = F p (k m + k 1 ); 
(Hi) if p = 2 and r = i/ien A CT = F p (k m + k 1 + e). 

Proof. It follows from Proposition 5.9 that (M a /¥ p v a ) IinU is 1-di- 
mensional. Since (M a /Fptv) 71 / the inclusion (M<j/Fp?v) 71 C 
(M (T /FpW cr ) /inr - / is an equality. The image of w a of Lemma 6.1 spans 
(Mo- /Fptv) 71 and the last assertion follows from Lemma 6.1. 

□ 

Theorem 6.3. The map (v,w) >->• v — w induces an exact sequence of 
I -representations: 

0^7r 7l ^Men.M^7r^0. 

Proof. We claim that M (~l II . M = it 11 . Consider an exact sequence: 

o -> ir h ->• m nn . M -> Q -> 0. 

Since M n n . M is an Ji-invariant subspace of 7r, we have (M n 
II . M) 11 C 7T 71 . Since M D II . M contains it 11 the inclusion is an 
equality. Hence, by taking ii-invariants we obtain an injection d : 
Q h ^ ^(Ii, tt Ji ) °* Hom(/i,Fp) ©Hom(Ji,Fp). The element n acts 
on H 1 ^,^ 1 ) by II. (^1,^2) = (V 7 ?)^?)- Let A ^ (resp. A 5 ) denote 
the image of (M a /¥ p v a ) h (resp. (M 5 /1> CT ) 71 ) in Hom(Ji,F p ). Let A 
be the image of (M/vr 71 ) 71 in H l {h,-K h ) so that A = A CT © A*. By 
taking ii-invariants of the diagram 

*-vr 71 >M n n . M >Q ^0 

^vr 71 *-M ^M/vr 71 ^0 
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we obtain a commutative diagram: 



id 

and hence an injection d(Q l1 ) ^ A. Acting by II we obtain an 
injection d(Q h ) ^ U . A. We claim that A n II . A = 0. We have 

Ann.A = (A ff nn.A^)©(Afnn, a ct ). 

By symmetry we may assume r < p— 1. Proposition 6.2 applied to M a 
and Mg implies that that if r ^ then A = ¥ p k u @¥ p k u , hence II. A = 
¥ p (k u ) u ®¥ p (K u ) n = ¥ p K l ®¥pK l , so that AnII.A = 0. If r = then 
Proposition 6.2 implies that A = ^(k"-^^ /^ 2 )^+(J] MGFp /i)e)© 

¥ p k u , hence n. A = ¥ p k 1 ®¥ p (k 1 -(J2^f p /" 2 K"(E MeFp A 4 ) 6 )) again 
Anil. A = 0. Note that if r = then we have to apply Proposition 
6.2 to Mg with r = p - 1, and p - 1 ^ 0. This implies that Q' 1 = 
and hence Q = 0. 

Since G + and II generate G, Proposition 4.12 implies that ir a + ng is 
stable under the action of G. Since ir is irreducible we get -k = ir^+TTg. 
This implies surjectivity. □ 

Corollary 6.4. We have M a nll.Mg = ir^ 1 = ¥ p v a and M a nU.M a = 

Proof. It is enough to show that tt^ 1 = ¥ p v a , since by Theorem 6.3 
M a n II . Mg is contained in it 11 . Suppose not. Clearly v a G 7r CT , 
so since tt 11 is 2-dimensional, we obtain that vg G 7r CT . Then there 
exists ui G M CT and U2 G n . Mg such that = ui + «2- So ^2 G 
II . M 5 n (M CT + M 5 ) C 7r h by Theorem 6.3. Hence u 2 = Xv a for 
some A G F p , and so U2 G M a , and so G M c . This contradicts 

iWo- n Mg = o. □ 

Corollary 6.5. As G + -representation tt is the direct sum of its sub- 
representations TTu and TTg. 

Proof. It follows from Theorem 6.3 that tt = Tx a + TTg . Now 

(7T a n TTg) h = iri 1 n TT 1 - 1 = WpVfj n ¥ p Vg = 0. 
Hence, Tx a n irg = 0. □ 
Corollary 6.6. We have tt ^ Indg+ vr CT ^ Indg+ irg. 
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7 Computing H\h/Z u tt) 



We keep the notation of §6 and compute H l (I\/ Z\,tt) as a represen- 
tation of H under the assumption p > 2. 

Lemma 7.1. Assume that p > 2. Let : # — ► 6e c/iar- 

acters. Let N be a smooth representation of (I n P)/Z\, such that 
N\H(hnU) i s an injective envelope of x * n ^ e PH(hr\U)- Suppose that 
V^lmpyz^iN) + then i\> = X - Moreover, ExtJ JnP)/Zl ( X , N) = 
Ext/ 7nP w Zi (%, x) is ^-dimensioned. 

Proof. Suppose that we have a non-split extension — > N — > E — > 
ip — y 0. Since N\ H ^ IinU ^ is injective Lemma 5.10 implies that the 
extension splits when restricted to H(I\ n U). Hence, there exists 
v € E IlC[U such that H acts on v by ip and the image of v spans the 
underlying vector space of ip. If v is fixed by I\ n T, then since JiflT 
and H(Ii n f/) generate IflPwe would obtain a splitting of E as an 
/ n P-representation. Hence, there exists some h € I\ n T, such that 
(/i — l)v € iV is non-zero. Since h normalizes I\C\U and t> is fixed by 
l\ n C7, we obtain that (/i — l)v G N IlClU . Since -ff acts on -u by ip and 
T is abelian, we get that H acts on (h — l)v by ip. Since iV|^(j in j7) is 
an injective envelope of x we obtain that x = tp- 

By Proposition 5.9, iV/x is an injective envelope of x " 1 - Since p > 
2, X + X" _1 and so Hom InP (x, N/x) = Ext* JnP)/Zi (x, N/x) = 0. 
So applying Hom/np(x>0 to the short exact sequence of (I D P)/Z\ 
representations — > x ~ > N — > iV/x — > gives us an isomorphism 
Ext (/nP)/Zi(x> N ) ~ Ext (/nP)/Z!(x,x)- Lemma 5.7 implies that these 
spaces are 1-dimensional. □ 

— X 

Proposition 7.2. Assume f/iaf p > 2. Let tp,x ■ H —> F p be 
characters. Let N be a smooth representation of I/Z±, such that 
N\H(hnu) i- s an injective envelope of x i n ^ e PH(hnU)- Suppose that 
Extj , Zl (ip, N) ^ and let K be the kernel of the restriction map 
Ext}/ Zi (ip, N) — > Ext^ nP ^ Zi (ip, N) then one of the following holds: 

(i) if K. then ip = x®; 
(ii) if K, = then ip = x- 

Moreover, dimExtJy Zi (xa:, N) = 1, and let R be the submodule of N , 
fitting in the exact sequence ->■ N h ->■ R -> (N/N 11 ) 11 ->■ 0, t/ien 
t/iere exists an exact sequence: 

-> Hom 7 ( X , xa~ 2 ) -> Ext} /Zl (x, i?) -> Ext} /Zi (x, JV) -> 0. 



18 



Proof. Suppose that K 7^ then there exists a non-split extension 
O^-N^-E—tifj— > of //Zi-representations, which splits when 
restricted to I n P. Hence, there exists v € E IinP such that H acts 
on u by V and the image of v spans the underlying vector space of 
ip. Let k be the smallest integer k > 1 such that v is fixed by ( p fc 
If A; = 1 then t> is fixed by I P\U S . Since I P\U S and I C\ P generate 
/, we would obtain that I acts on v by V an d hence the extension 
splits. Hence, k is at least 2. Set U := ( p fc-i i). Our assumption 

on fc implies that v' := Jjv - t) G iV is non-zero. The matrix 

identity (14) implies that v' is fixed by h n £/. Since jV /inC/ is 1- 
dimensional and acts on N IlClU by x ; we obtain a non-zero element 
in Extjiy(ip,x)- Lemma 5.6 implies that tp = x a - Let v be the 
image of v in E/N Tl . Again by Proposition 5.9 (N/N 11 ) 11 * 111 is 1- 
dimensional and H acts on (N/N 11 ) 11 * 111 by xa" 1 - If the extension 
->■ N/N h ->■ E/N h ->■ -0 ->■ is non-split, then by the same 
argument we would obtain a non-zero element in Ext^ w ,(xa, xa 
where := ( p ™ ?), for some m > 1. This contradicts Lemma 5.6, as 
p > 2 and so a is non-trivial. Hence we obtain an exact sequence: 

->• Hom 7 (xa, xa" 1 ) -> Ext} /Zl (xa, x) -> Ext} /Zl (xa, iV) -»• 0. 

(20) 

If p > 3 then dim Horn/ (xa, xa x ) = and dimExt]y Zi (xa, x) = 1- 
If p = 3 then dim Horn/ (xa, xa" 1 ) = 1 and dimExt}^ Zi (xa,x) = 2. 
Hence, dimExt]y Zi (xa, N) = 1. 

Assume that /C = 0. Since we have assumed that Ext\, Zi (if>, N) 7^ 
we obtain that Ext} InP y Zi (tp, N) 7^ and Lemma 7.1 implies that 
i[> = x an d dimExt]y Zi (x, N) < 1. Suppose that there exists a non- 
split extension — )• iV — > E ^ x ~ > of 1 jZ\ -representations, which 
remains non-split when restricted to I !~l P. Let w\ be a basis vector 
of N IinU . Lemmas 7.1, 5.7 and 5.3 imply that there exists v £ E such 
that H acts on v by x and for all 5 G 7i PI P we have gv = v + e{g)w\ . 
In particular, v is fixed by I n ?7 and ( ^ 1+ ° p2 ) . As before, let k be 
the smallest integer k > 1 such that t> is fixed by ( p fc 1 ) ■ We claim 
that k = 2. Indeed, if A; > 2 then let 7/ := ( p kLi - v. Then v' £ N 
is non-zero, and the matrix identity (14) implies that v' is fixed by 
h n C/. Since N hnU is 1-dimensional and # acts on N hnU by x, 
we obtain a non-zero element in Ext^ w (x, x)> with W := ( p fc-i x). 
Lemma 5.6 implies that x = X a - Since p > 2 this cannot happen. 

Consider u := (pi)v — v. Using (14) and the fact that k > 2 we 
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obtain 



1 1\ _ / 1 0\ fl+p 1 

o i r \ P {i+p)- 1 i) v o (i+p) 



(21) 

i OA , 

+ 2u>i) — 77 = u + 2w\. 



p(l + p)- 1 1 

Since 2w\ / we get u ^ and so k = 2. By Proposition 5.9 
(N/WpW!) 111111 is 1-dimensional. This implies that (iV/F p tt;i) /inl/ = 
(A^/Fp^i) 71 and the image of u in N/¥ p wi spans (N/¥ p wi) IinU . If 
we set R := (wi,u) then by construction we obtain that the map 
Ext} i Zl ix-i N) —> Ext}/ 2i (x, N/R) is zero. Proposition 5.9 implies 
that (N/R) 11 is 1-dimensional and H acts on it by a character x a ~ 2 - 
This implies the claim. 

□ 

Corollary 7.3. Assume p > 2 i/ien the restriction maps 
Extf /Zl (x,x) -> E xtf JnPs)/Zi (x,x), 
Ext^ /Zl (x,x) ExtJ 7nP)/Zi ( X ,x) 

ore injective. 

Proof. Consider the exact sequence of /-representations — >■ x ~ ^ 
Indf nps x - Q 0. Iwahori decomposition implies that 

( Ind /nps x)\H(hnU) = Ind2 (7inC/) x, 

and hence it is an injective envelope of x m R- e PH(/ 1 ni/)- Proposi- 
tion 5.9 implies that Q\H(hnu) 1S an injective envelope of x a 1 m 
RePHihnu)- Since p > 2 Lemma 5.4 implies that Ext}/ Zi (x, x) = 0, 
so using Shapiro's lemma we obtain an exact sequence: 

Ex *-\mp>)/z 1 (x,x) ^ Ext} /Zi (x,Q) ->• Ext| /Zl (x,x) 

-> ExtJ Jnps)/Zi (x,x)- 

Now dimExt( Jnps)/Zl (x,x) = 1 and dimExt} /Zi (x, Q) = 1 by Propo- 
sition 7.2. This implies the result for I nP s . By conjugating by II we 
obtain the result for I HP. □ 

Corollary 7.4. Assume p > 2 and let N be as in Proposition 7.2 then 
dimExt]y Zi (x, N) = 1, the natural maps 

Ext? /Zi (x,x)^Ext^ i (x,iV), (22) 

Ext} /Zl (x, iV) -> Ext J JnP)/Zl (x, iV) (23) 
are injective and (23) is an isomorphism. 
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Proof. We have an exact sequence: 

Ext} /Zi ( X ,AT) ^ Ext l I/Zi (x,N/ X ) -> Extj /Zi ( X ,x)- 

Proposition 5.9 and Lemma 7.1 imply that Ext^ InP y Zi (x, N/x) = 0. 
The commutative diagram: 

Ext} /Zi ( X , iV/ X ) ^Extj /z ( X , x) 

7.3 

Ext (/nP)/Z! (X, N/x)-^ Ext 2 JnP)/Zi (x, x) 

and Corollary 7.3 implies that Ext]y Zi (x, ^V/x) — >■ Ext^ Zi (x, x) is t ne 
zero map. Hence, (22) is injective and 

dimExt} /Zl (x,iV) = dimExt} /Zi (x,iV/x) = 1, 

where the last equality is given by Propositions 5.9 and 7.2. We know 
that Ext^ Zi (x,N) ^ 0. So if (23) is not injective, then Proposition 
7.2 gives x = X a i but this cannot hold, since p > 2. Since both sides 
have dimension 1, (23) is an isomorphism. □ 



7.1 p = 3 

The case p = 3 requires some extra arguments. If you are only inter- 
ested in p > 5 then please skip this subsection. 

Lemma 7.5. Assume p = 3 and let N be as in Proposition 7.2 then 
the composition: 

Ext] /Zi ( X a, N/x) Extj /Zi ( X a, X ) Ext2 /np) ^ ( X a, X ) 

is injective, where d is induced by a short exact sequence — > x —> 
N -> N/x -»■ 0. 

Proof. Since p = 3 we have a = a -1 and hence it follows from the 
Corollary 7.4 that dim Ext} , Zi (x«, N/x) = 1- Corollary 7.2 implies 
that the restriction map Ext} j Zx (xa, N/x) — >■ Ext^ JnP ^ Zi (xa, ^V/x) is 
injective. Moreover, Lemma 7.1 gives Extj InP y Zi (xa, N) = 0, and so 

the map d : Ext^ InP y Zi (xct, N/x) — > Ext 2 InP y Zi (x a i X) i s injective. 
The assertion follows from the commutative diagram: 

Ext} /Zi (xa, N/x) Extj /Zi ( X a, X ) 



(23) 



Res 



Res 



Ext (/nP)/Z! (xa, N/x) c ^ Ext (7nP)/Zi (xa, x ). 



□ 
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Lemma 7.6. Assume p = 3 and let N be as in Proposition 7.2. 
Assume that N Kl ^ Ind^ Kl X as a representation of I, then the com- 
position: 

Ext} /Zi ( X a, N/ X ) Ext^ /Zi ( X a, X ) Ext^ /nps } /Zi ( X a, x) 

is zero, where d is induced by a short exact sequence — > x ~~ ^ N — > 
N/x -> 0. 

Proof. Since p = 3 we have a = a" 1 and hence it follows from the 
Corollary 7.4 that dimExt}/ Zi (xa, N/x) = 1- Let A be the image of 
the restriction map 

A := Im(Ebrt} /Zl ( X a,W/x) ExtJ /nps)/Zi ( X a, iV/ X )). 

We claim that A is contained in the image of the natural map 

Ext linpsyzr N) Ext [ JnP . )/Zl (xa, W/x) • (24) 

Since p = 3we have dim TV^ 1 = 3 and so the image of N Kl in N/N 11 
is a 2-dimensional /-stable subspace. Since it follows from Proposition 
5.9 that (N/N h ) h and ((N/N Il )/(N/N h ) h ) 11 are 1-dimensional we 
obtain an exact sequence — > N 11 — > N Kl — > R — s> 0, where where i? 
is the subspace of N/x defined in Proposition 7.2 (with N/x instead 
of N). Since N Kl 2i Indj^ X we get: 

iV^ 1 \inp* =X®Xa®X = X® R\mp° ■ 
Let 4> be the composition: 

Vrt\ Inps)/Zi ( X <x,R) -> Extf Jnps)/Zi (xa,AT^) -> 

Ext( /nps)/Zl (xa, iV) -> Extf Jnps)/Zi (x^, iV/x). 

Then we have a commutative diagram: 

Ext} /Zi ( X a, R) Ext} /Zi ( X a, JV/ X ) 



Res 



Res 



Extf/np-)/^ (X«, — ^->- E xtJ /nps)/Zi (xa, JV/x). 

The top horizontal arrow is surjective by Proposition 7.2. Hence, A 
equals to the image of 4> o Res. Since the image of <p is contained in 
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the image of (24) we get the claim. The assertion follows from the 
commutative diagram: 

Ext} /Zi (xa, N/ X ) 9 - Extf /Zi ( X a, X ) 



Res 



Res 



Ext (/nps)/Z! (X«, N /x) — ^ Ext (/nP-)/Z! (x a > X) . 

since the claim implies that the composition d o Res is the zero map. 

□ 

Lemma 7.7. Assume p = 3 let N x and N x ° be as in Proposition 7.2 
with respect to X and X s . Further assume that TVj 1 Ind^ Xl X s as a 
representation of I, then the natural map 

Extj /Zi ( X a, X ) -> Extj /Zi ( X a,N x )eExtj /Zi ( X a,N^) (25) 

is injective, where N^s denotes the twist of action of I on N x * by II. 

Proof. Applying Hom//^ (x a , ■) to the short exact sequence — > X — > 
N x —7- N x /x — > gives a long exact sequence. Equation (20) shows 
that the map Ext]y Zi (xa, x) — > Ext]^ Zi (xa, N x ) is surjective, which 
implies that 

Ker(Extj /Zi ( X a,x) -> Extj /Zi ( X a,N x )) Ext} /Zi ( X a, N x / X ). 

If we replace N x with iV x s and % with x s the same isomorphism holds. 
Twisting by II gives: 

Ker(Ext2 /Zi ( X a, x ) -> Ext? /Zl ( X a,W£)) = Ext} /Zi ( X a, TV" /x)- 

Lemma 7.5 implies that the composition 

Res od : Ext} /Zl ( X a, JV x /x) -> ExtJ /nP)/Zi ( X a, X ) 

is an injection. And Lemma 7.6 implies that the composition 

Reso<9 : Ext} /Zi ( X a, / X ) -> ExtJ JnP)/Zi ( X a, X ) 

is zero. Hence, d(Ext} /Zi ( X a, iV x /x)) n d(Ext} /Zi ( X a, A^/x)) = 
and so the map in (25) is injective. □ 

Lemma 7.8. Assume p = 3 and r = t/ien satisfies the assump- 
tions of Lemma 7. 6. 
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Proof. Now ((/ n U)tv a ) = {Isv a ) ^ St\i 2* Ind^ Xl x s as a repre- 
sentation of /, where St = Sym 2 F3 is the Steinberg representation 
of GI^Fs). Hence we have an injection Ind^^ x s ^ Since 
Ma\H(inU) is an injective envelope of \ s m ^ e PH(inu) we obtain that 
M K in u ^ ind^jjnjy) X s as a representation of fl"(J n U). Hence 
dimMf inc/ = 3 and so we obtain M? inU M? 1 Ind^ Xl x s - □ 



7.2 



Using the Lemmas above we prove the main result of this section. 

Theorem 7.9. Assume p > 2 and let tp : H — > F* 6e a character, 
such that Ext)y Zi (V', VTo-) / 0. T/ien Y> G {x a )X}- Moreover, 

(i) dimExt} /Zi (x,vr CT ) = 2; 

(ii) if p > 3 orp = 3 and r € {0,2} i/ten Ext]y Zi (xa, 71V) = 0; 
(Hi) if p = 3 and r = 1 i/ien dimExt]y Zi (x<3!, tt^) < 1- 

Proof. Corollary 7.4, (22) gives injections: 

Ext? /Zl (x,x) ^ Ext 2 /Zi ( X ,M a ), 

Ext 2 /Zi (x,x) ^Ext 2 /Zi (x,n.M 5 ). 

Moreover, Ext}/ Zi (x, x) = 0. Corollary 6.4 gives a short exact se- 
quence — > x - ^ Mr © n . M5- — s- 7TO- — > 0, which induces an isomor- 
phism: 

Ext} /Zi (x, M a ) Ext} /Zl (x, n . Ma) = Ext} /Zi ( x , tt ct ). 

Corollary 7.4 implies that dimExt]y Zi (x, 7r CT ) = 2. 

Assume that ip ^ %■ From ->■ M CT ->■ 7r CT ->• (n . M„)/x ^ we 
obtain a long exact sequence: 

Hom 7 (V>,xa) Ext} /Zl (^, M ff ) ->Ext} /Zl (V»,7r ff ) -> 

Ext} /Zl (Vs(n.MaO/x). 

If Ext} / Zi (?/>, M a ) then Proposition 7.2 implies tp = x a - Similarly, 
if Ext} /Zi (V>,(n . M a )/ X ) + then V = (x s a _1 ) n = X«- Hence, 
■0 = x« and dim Ext}^ Zi (x«, 7T CT ) < 1- 
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If p > 3 then Proposition 7.2 implies that Ext\/ Zi M a /x) = 0. 
Hence the exact sequence — )■ IT . M5- — >■ 71V — >■ M a /x — ► gives an 
exact sequence: 

Hom / (xa,xa~ 1 ) ^ Ext} /Zi (x«, n . M^) -» Ext} /Zi (x«, tt ct ). 

Since p > 3 Proposition 7.2 implies that Ext} j Zi (%a, IT . M5-) = and 
hence Ext} , Zi (%a, 7TO-) = 0. 

Assume that p = 3 and r = Lemmas 7.7 and 7.8 give an exact 
sequence: 

Ext} /Zi ( X a, X ) ^ Ext} /Zi ( X a,M a en. Afe) -» Ext} /Zi ( X a, tt,). 

Since p = 3we have dimExt}/ Zi (x«, x) = 2 and Proposition 7.2 gives 
dimExt} /Zi (xa,M CT elT.M 5 ) = 2. Hence Ext} /Zi (xa, vr CT ) = 0. Since 

p = 3 and r = we have (x a ) U = X a i X = X s an d since tt& = U . ir a , 
we also obtain Ext^^xa,^) = 0, which deals with the case p = 3 
and r = 2. □ 

Corollary 7.10. Assume p > 2 and let tp : H ^ be a character. 
Suppose that Hom/(V', H x {I\jZ\, tt)) ^ then ip £ {x-,X s }- Moreover, 
the following hold: 

(i) if p = 3 and r = 1 then dim i/ 1 (I\ / 'Z\, tt) < 6; 

(ii) otherwise, &\m.H l (Ii/ Z\, tt) =4. 

Proof. By Corollary 6.5 tt = ir a © 7T5- as /-representations. The asser- 
tion follows from Theorem 7.9. We note that if p = 3 and r = 1 then 
X a = x s and x s a = X- □ 



8 Extensions and central characters 

We fix a smooth character £ : Z — >■ F* and let Rep G ^ be the full 
category of Rep G consisting of representations with central character 
£• Let V be an F p -vector space with an action of Z, given by zv = 
C(z)v, for all z € Z and v G V. Then Ind^ V is an object of Rep G ^, 
moreover given tt in Rep G ^ by Frobenius reciprocity we get 

Hom G (vr,Indf V) Hom z (vr, V) Hom Fp (7r, V). (26) 

Hence, the functor Hom G (., Ind^ V) is exact and so Ind^ V is an in- 
jective object in Rep G ^. Further, if V is the underlying vector space 
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of tt then we may embed tt ^ Indf V, v [g >->■ gv]. Hence, Rep G ^ 
has enough injectives. 

For tti, 7T2 in Rep G ^ we denote Ext G ^(vri, 7^) := M 1 Hom(7Ti, 7^) com- 
puted in the category Rep G ^. 

Proposition 8.1. Lei 7Ti and 7T2 &e irreducible representations of G 
admitting a central character. Let Q be the central character of tt 2 . If 
Ext G (7Ti, 7T2) 7^ then ( is also the central character of tt\. If tt\ ^ 7T2 
then Ext G ^(7Ti, 7T2) = Ext G (7Ti, tx-i). If it 1 = tt 2 then there exists an 
exact sequence: 

-> Ext G)C (7Ti,7r 2 ) -> Ext G (7Ti,7r 2 ) -> Hom(Z,F p ) -> 0. 

Proof. Suppose that we have a non-split extension — > 7T2 — > E — > 
7Ti — > in Rep G . For all z <G Z we define 9 Z : E —> E, v zv — ((z)v. 
Since 2 is central in G, 9 Z is G-equivariant. If 9 Z = for all z £ Z then 
E 1 admits a central character £, and hence £ is the central character of 
7Ti and the extension lies in Ext G ^(7Ti, 7^). If 9 Z 7^ for some z £ Z 
then it induces an isomorphism 7Ti = 7T2. 

We assume that tt\ = 1x2 and drop the subscript. Then (26) gives 
Hom G (-7r, Indf Q = tt* . Fix a non-zero 99 <G Hom^(7r, £). Since 7r is 
irreducible we obtain an exact sequence: 

-> tt 4 Indf C ->• <9 -> 0. (27) 

Since Indf C is an injective object in Rep G ^, and (27) is in Rep G ^ by 
applying Hom G (7r, .) to (27) we obtain an exact sequence: 

tt* -> Hom G (vr, Q) -»• Ext GC (7r, tt) -»• 0. (28) 

If we consider (27) as an exact sequence in Rep G then by applying 
Hom G (7r,.) we get an exact sequence: 

tt* -> Hom G (vr, Q) -> Ext G (vr, tt) -> Ext G (7r, Indf C). (29) 

Putting (28) and (29) together we obtain an exact sequence: 

->• Ext G C (7T,7r) ^Ext G (7r,vr) -> Ext G (7r, Indf C). 

Let — > Indf £ — > E — > 7r — > be an extension in Rep G . For all 
z e Z, 9 Z : E ^ E induces 6> 2 (^) € Hom G (vr, Indf (). Now 2 (£) = 
for all z € Z if and only if E 1 has a central character £, but since Ind^ ( 
is an injective object in Rep G ^ Lemma 5.10 implies that the sequence 
is split if and only if E has a central character £. Now 

Qz lZ2 (v) = ziz 2 v - ((ziz 2 )v = z 1 (z 2 v - ((z 2 )v) + zi((z 2 )v - C(ziz 2 )v 
= C(z 1 )9 Z2 (v) + C(z 2 )9 Zl (v). 

(30) 
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Hence, if we set iPe{z) := ((z) 1 6 Z (E), then (30) gives iPe{z\Z2) = 
^e{z\) + iJ>e(z2)- Hence, the map E h-> ipE induces an injection 
Ext G (7r, Indf C) ^ Hom(Z, tt*). The image of 

Ext G (vr, 7r) ->• Ext^(7r, Indf C) ^ Hom(Z, tt*) 

is Hom(Z, ¥ p ip), which is isomorphic to Hom(Z, F p ). □ 

Proposition 8.2. Let tt := 7r(r, 0, rj) and ( the central character of it. 
Assume that p > 2 and (p,r) ^ (3, 1) then dimExt G ^(tt, tt) > 3. 

Proof. This follows from [10, 2.3.4]. □ 

Remark 8.3. At the time of writing this note, [10] was not written up 
and there were some technical issues with the outline of the argument 
given in the introductions to [7] and [9]. Since we only need a lower 
bound on the dimension and only in the supersingular case, we have 
written up another proof of Proposition 8.2 in the appendix. The proof 
given there is a variation of Colmez-Kisin argument. 



9 Hecke Algebra 

Let Q be the central character of tt. Let H := End G (c-Indf j Q. Let 
X : Rep G ^ — > Mod-^ be the functor: 

Z(tt) := ir h Hom G (c-Indf 7l Q,tt). 

Let T : Mod% — >• Rep G ^ be the functor: 

T(M) := M ® H c-Indf h Q. 

One has Hom%(M,X(7r)) = Homg (T(M), tt). Moreover, Vigneras in 
[18, Thm.5.4] shows that I induces a bijection between irreducible 
objects in Rep G( * and Mod-^. Let Rep^ be the full subcategory of 
Rep G ^ consisting of representations generated by their Ii-invariants. 
Ollivier has shown [13] that 

X : Repg c -»• Mod n , T : Mod n -> Rep§ c (31) 

are quasi- inverse to each other and so Mod% is equivalent to Rep^. 
In particular, suppose that r = (G . t 11 }, tt in Rep G ^ and let tt\ : = 
(G .tt 11 } C tt then one has: 

Hom G (r,7r) = Hom G (r,vri) = Hom^(X(r),I(vri)) 

^Hom K (Z(r),X(7r)) 
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and the natural map TX(t) — > r is an isomorphism. 

Let J be an injective object in Rep G ^, then the first isomorphism 
of (32) implies that J\ := (G . J 11 ) is an injective object in Rep G( >. 
Since T and X induce an equivalence of categories between Mod% and 
Rep^ we obtain that T(Ji) = X(J) is an injective object in Mod%. 
Hence, (32) gives an ^-spectral sequence: 

Ext^(X(r),lR J 'Z(7r)) Extg^r, tt) (33) 

The 5-term sequence associated to (33) gives us: 

Proposition 9.1. Let r andir be mRep G ^ suppose thatr is generated 
as a G -representation by t 1x then there exists an exact sequence: 

^Ext^(X(r),Z(vr)) ^Ext GC (r,7r) -»• Hom H (X(r), R 1 X(vr)) 

(34) 

^Ext| i (X(r),X(vr))^Ext^(r,7r) 

It is easy to write down the first two non-trivial arrows of (34) explic- 
itly. An extension class of — > 1(tt) —> E —> X(r) — > maps to the 
extension class of — > TI{ix) — >■ T{E) — > TX(r) — > 0. Let e be an 
extension class ofO— s>7r— s>t— > 0. We may apply X to get 

^X(vr) *I(k) ^(^-^R^tt). (35) 

The second non-trivial arrow in (34) is given by e i— > d t . 

We are interested in (33) when both tt and r are irreducible. We recall 
some facts about the structure of % and its irreducible modules, for 
proofs see [18] or [14, §1]. As an F p -vector space % has a basis indexed 
by double cosets I\\G/ZI\, we write T g for the element corresponding 
to a double coset l\gZI\. Given ir in Rep G( >, and v £ tt^ 1 , the action 
of T g is given by: 

vT g = u 9~ ly - ( 36 ) 

ueh/(hng- 1 hg) 

Let x '■ H — >■ Fp be a character then we define e x G by 

1 1 he// 

Then e x e^, = e x if x = "0 an< i otherwise and it follows from (36) 
that vr 7l e x is the x-isotypical subspace of it 11 as a representation of 
H. The elements T„ s , Th and e x , for all x generate H as an algebra, 
and are subject to the following relations: = ({p) -1 , 

e x T ns = T ns e r , e x T u = T n e x s, e x T% s = -e x e r T na . (37) 
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Note that e x e x s = e x if x = X s an d e x e x » = 0, otherwise. We let T~L + 
be the subalgebra of % generated by T ns , TnT„ s T£ 1 and e x for all 
characters x- One may naturally identify H + = Endg+ (c-Indf ^ £). 

Definition 9.2. Let < r < p — 1 be an integer, A € F p and n : 
Qp — > a smooth character, and let £ be the central character of 
ir(r, A, n) then we define H-modules M(r, A) := ir(r, A) 71 , M(r, A, n) := 
7r(r, A, n) h . 

Assume for simplicity that £(p) = 1 then it is shown in [6, Cor. 6.4] 
that M(r,X,n) has an Fp-basis {^1,^2} such that 

(i) v\e x = vi, v\Tn = v 2 , v 2 e x s = v "2Tji = v\ and such 
that v\Tn s = —vi if r = p — 1 and v\T ng = otherwise. 

(ii) v 2 (l + T n J = n(-p~ 1 )\vi if r = and v 2 T na = ■q{-p~ l )Xv 1 
otherwise, 

where x '■ H — >■ F* is the character %(( )) = X r 7]([Xfj]). If A = 
so that 7r(r, A, 77) is supersingular, then v\ = v a and v 2 = v&. 

Lemma 9.3. Let ir be a supersingular representation of G then 

(i) if r G {0,p — 1} then 

(a) dimExt^(7r /l ,7r /l ) = 1; 

(b) Ext^(vr /l , *) = for i > 1; 
(mJ otherwise, dim Ext^ (7T 71 , 7T 71 ) = 2. 

Proo/. [6, Cor. 6.7, 6.6]. □ 

We look more closely at the regular case. Let n be supersingular with 

< r < p — 1 and assume for simplicity that p £ Z acts trivially on n. 
2 

For (Ai, A2) £F p we define an 'H-module E\ lt \ 2 to be a 4-dimensional 
vector space with basis {v x ,v x s ,w x ,w x s} with the action of % given 
on the generators 

w x T ns = \\v x s, w x sT ria = X 2 v x , v x T ris = v x sT ns = (38) 

and w^T u = w^s, v^T u = v^s, w^e^ = w^, v^e^ = v^, for ip € 
{x, X s }- Then (v x ,v x s) is stable under the action of Ti and we have 
an exact sequence: 

-»• X(vr) -> £ AljA2 -> X(tt) -> (39) 

The extension (39) is split if and only if (Ai,A2) = (0,0). It is im- 
mediate that the map F p -> Ext^(Z(7r),Z(vr)) sending (Ai,A 2 ) to the 
equivalence class of (39) is an isomorphism of F p -vector spaces. 
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— X 

Lemma 9.4. Let A <G ¥ p then 



T(V a ~ c-Indg^_o- ^ c-Indg z a 

T{E 0jX ) = — ^ — ' T ^,oj = — — (40) 

where T a G Endc (c-Ind^^ a) is given by Lemma 4-1- 

Proof. Let <p G c-Ind^cr such that Supp^ = and 99(1) spans 
it^ 1 . Let r := ° lll (T%) a an( ^ v ^ ne i ma S e °f V 9 m T - Then r = (G .v) = 
(G . t Il ). And so it is enough to show that X(r) = Eo t \. Since 

T a : c-Ind^ z o" — > c-Ind^er is injective and it = c ~ ln ^ K ^ z - , we have a 
an exact sequence 

0->ir->T->ir->0 (41) 

and we may identify the subobject with T a (r). Now, v, Uv, T a {v) and 
T a {U.v) are linearly independent and ii-invariant. Thus dimr^ 1 > 4 
and since dim Ti h = 2 we obtain an exact sequence of 'H-modules 

-»• X(vr) -»• X(r) -»• X(vr) -> (42) 

Hence, X(r) = E\ 1: x 2 for some Ai, A2 G F p . Since cr = (K.tp) = (K .v) 
and (if . T a (v)} T CT ((if . v)) a, [14, 3.1.3] gives 

ve x = v, (T a (v))e x = T a (v), vT ns = (T a (v))T ns = 0. (43) 

Hence, Ai = 0. If A2 = then (42) would split and so would (41). 
Hence, A2 7^ 0. We leave it to the reader to check that for any A G F* , 
Eq,x — £0,1 ■ □ 

Lemma 9.5. If E = E Xl ,\ 2 , A1A2 / then dimExt^(£,X(7r)) = I. 

Proof. Applying Hom^(*,X(7r)) to (39) gives an exact sequence 

Hom w (X(7r),X(^)) ^Ext^(X(7r),X(7r)) 

-> Ext^( J B,X(7r)) -> Ext^(X(vr),X(vr)) 

Hence, dimExt^(.E,X(7r)) = 1 + dimT, where T is the image of the 
last arrow in (44) . Yoneda's interpretation of Ext says that T ^ is 
equivalent to the following commutative diagram of %-modules: 

^X(vr) ^ A ^X(vr) ^0 



^X(vr) >■ E »-0 

with A non-split. Then A = E^^ 2 for some Hi,H2 G F p . The condi- 
tion vT% s = for all v G B is equivalent to = and //2A1 = 0. 
Since A1A2 / we obtain ^ = /i 2 = and hence a contradiction to a 
non-split A. □ 
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10 Main result 



Let 7T an irreducible representation with a central character £. A 
construction of [14, §6], [6, §9] gives an injection ir S7, where Q is 
in Rep G ^ and Q\k is an injective envelope of sock tt in Rep^. 

Lemma 10.1. If it = vr(r, 0, 77) with < r < p - 1 then tt h = E XlM 
with AiA 2 7^ 0. Otherwise, VL h = n h . 

Proof. Let a be an irreducible smooth representation of K and Inj o~ 
injective envelope of a in Rep^- ^. If a = x det or a = St x 
det then dim (Inj a) 11 = dim a 11 = 1 and dim(Inj a) 11 = 2 otherwise, 
[14, 6.4.1, §4.1]. If 7T is either a character, special series, a twist of 
unramified series or tt = 7r(0, 0, rj) then socr- tt is a direct summand of 
(1 St) <g> x det. Hence, 

ft 71 = (soc K n) h = (socktt/ 1 C Ti h C n Jl 

and so 7r 71 = iV 1 . If 7r is a tamely ramified principal series, which 
is not a twist of unramified principal series, then dim7r 71 = 2 and 
sock tt is irreducible, so dimf^ 1 = 2. Finally, if it = ir(r, 0,77) with 
< r < p - 1 then it follows from [14, 6.4.5] that = E XlM with 
AiA 2 ^0. □ 

Proposition 10.2. Let tt,t be irreducible representations of G with 
a central character, and let £ be the central character of tt. Suppose 
that Ext^(r,vr) ^ 0. If 

Ext^ ( (r, tt) -> Hom w (X(r), R 1 X(tt)) (45) 

is not surjective then t = tt = 7r(r, 0, 77) with < r < p — 1. 

Proof We note that Proposition 8.1 implies that £ is the central char- 
acter of r. Since £1\k is an injective object in Rep^, is an in- 
jective object in Rep /l( *. Hence, IR 1 X(il) = and we have an exact 
sequence: 

->• X(vr) ->• X(fi) -> J(n/vr) -> K 1 X(vr) -> 0. (46) 

Assume tt ^ 7r(r, 0, 77), < r < p - 1. Let d £ Hom w (X(r), M^vr)) 
be non-zero. Suppose that t ^ tt then Ext^(X(r),X(7r)) = 0, [6, 6.5], 
Lemma 10.1 implies X(U)/1(tt) = X{tt). So we have a surjection 

Hom w (X(r) , I(Q/ir) ) -» Rom n (X(r ) , M 1 X(vr) ) . (47) 
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Further, we have an isomorphism 



Hom G (r,0/7r) Hom w (X(r),X(f2/7r)). (48) 

Choose V ^ Homg(T, Q/7r) mapping to 9 under the composition of 
(48) and (47). Since r is irreducible, by pulling back the image of 
ip we obtain an extension — > ir — > -E^, — > r — > inside of f2. By 
construction, (45) maps the class of this extension to d. 

If 7r ^ 7r(r, 0, 77) with < r < p — 1 then Lemma 10.1 says that 
Z{p, /it) = R 1 1 (ir) and arguing as above we get that (45) is surjective. 

□ 

Corollary 10.3. Let ir, t be irreducible representations of G with a 
central character, and suppose that ir is supersingular with a central 
character (. If Ext^(r, ir) ^ and r ^ ir then 

Ext^(r,vr) Hom K (X(r), R 1 !^)). 

Proof. Proposition 8.1 implies that the central character of r is ( and 
Ext^(r,7r) ^ Ext^ c (r,7r). By [6, Cor.6.5], Ext^(T(r),Z(vr)) = 0. 
The assertion follows from Propositions 9.1, 10.2. □ 

Lemma 10.4. Let ir and r be supersingular representations of G with 
the same central character. Suppose that ir h ^ r h as H -represen- 
tations then ir = t. 



Proof. It follows from the explicit description of supersingular mod- 
ules M(r, 0,77) of H in §9 or [14, Def.2.1.2] that Z(r) ^ l(ir) as %- 
modules. Hence, r ^ TX(r) TX(vr) ir. □ 

Proposition 10.5. Let ir = ir(r,0,n) with < r < p — 1, and let 

C be the central character of ir. Assume that p > 5 then Rl 1 ^) 2* 
X(vr) ©X(vr). 

Proof. Corollary 6.6 implies that we have an isomorphism of H + - 
modules R 1 l(ir) = R 1 l(ir a ) eR 1 X(7r 5 ). Let v € R 1 !^) it follows 
from Theorem 7.9 that ve x = v. Since < r < p - 1 we have 
X + X s and so ve r = 0. Since T„ s G %+ , vT ns € R 1 l(ir a ) and 
hence vT ns = vT ns e x = ve x sT ns = 0. So T ns kills R 1 2(ir a ) and by 
symmetry it also kills R 1 Z(ir^). Theorem 7.9 gives dim IR 1 1(ir a ) = 2. 
If we chose a basis {v,w} of M 1 X(7r (T ) then {vTu,wTu} is a basis of 
M 1 X(7Tct). And it follows from the explicit description of M(r, 0,7?) in 
§9 that (u, f Tn) is stable under the action of % and is isomorphic to 
M(r, 0,77). □ 
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Proposition 10.6. Let tt and ( be as in Proposition 10.5 and let r be 

an irreducible representation of G with a central character Q. Assume 
p>2 andr^TT then Hom^(I(r), K 1 Z(vr)) = 0. 

Proof. Assume that Hom^(X(r), M 1 T(tt)) / if p > 5 then Proposi- 
tion 10.5 implies that Z(r) = 1{tt), and hence r = tt. Assume that 
p = 3 then the assumption < r < p — 1 forces r = 1. Corollary 
7.10 implies that r /x = % © x s as an -/^-representation, where x is 
as in (9). It follows from Lemma 10.4 that r cannot be supersingu- 
lar. Since x 7^ X s we get that r is a principal series representation. 
Corollary 10.3 implies that Extg(r, 7r) 7^ 0. Let 77 be one of the char- 
acters oj o det, o det, u;/x_i o det. Since p = 3 and r = 1, (8) 
gives 7r = 7T ® 77. Twisting by 77 gives Ext^(r ® 77, 7r) 7^ 0, and hence 
Hom- H (Z(r®77),M 1 Z(vr)) / 0. Since p > 2 [1, Thm 34, Cor 36] imply 
that r 7^ r ® 77 and so Z(r) 7^ Z(r ® 77) as ^-modules. This implies 
that dimM 1 Z(7r) is at least 4x2 = 8, which contradicts Corollary 
7.10. □ 

Theorem 10.7. Assume that p > 2 and let r and tt be irreducible 
smooth representations of G admitting a central character. Suppose 
that tt is supersingular and Extg(r, tt) 7^ then r = tt. 

Proof. IfO < r < p — 1 the assertion follows from Corollary 10.3 
and Proposition 10.6. Suppose that r 6 {0,p — 1}. Let J be the 
image of Ext^ ^(tt,tt) — > Hom^(Z(7r), M 1 T(tt)). Then it follows from 
Propositions 8.2, 9.1 and Lemma 9.3 that dim J > 3 — 1 = 2. Hence, 
T(tt) ®Z{tt) is a submodule of M 1 T{tt). By forgetting the action of "H 
we obtain an isomorphism of vector spaces M}T{tt) = H 1 (Ii/Z\, tt). 
Corollary 7.10 implies that dimlR 1 Z(7r) = 4. Since dimZ(7r) = 2 we 
obtain 

R 1 Z(tt) =Z(tt) ©Z(vr). (49) 
Corollary 10.3 implies the result. □ 

Remark 10.8. We note that the proof in the regular case < r < p— 1 
is purely representation theoretic and makes no use of Colmez's func- 
tor. The Iwahori case r € {0,p — 1} could also be done representation 
theoretically. One needs to work out the action of% on H l (I\/Z\, tt). 
This can be done, but it is not so pleasant, in particular p = 3 requires 
extra arguments. 

Lemma 10.9. Let tt = 7r(r, 0, 77) with < r < p — I, then 
dimZ(ft/7r) ■ e x T ris > 1, dimZ(0/vr) . e r T ns > 1. 
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Proof. We have an exact sequence of ^-representations: 

-> tt Ki -> ft^ 1 -> (0/vr) Xl (50) 

Since f2|x = Injcr © Injcr, we have f^ 1 = inj a © injcr, where inj 
denotes an injective envelope in the category Rep K / Kl , [14, 6.2.4]. 
In [6, 20.1, §16] we have determined the K-representation ir Kl = 
ir^ 1 © irjf 1 . It follows from the description and [6, 3.4, 3.5] that 
n^ 1 is isomorphic to the kernel of inj a -» Indf' x- Hence, (£l/ir) Kl 
contains Indf" % © Indf x s as a subobject and so (Q/ir) 11 contains 
V := (Indf" x © Ind^ X s ) 11 • Moreover, V is stable under the action of 
T ns , and d\mVe x T ri8 = dimVe x sT na = 1, [14, 3.1.11]. This yields the 
claim. □ 

Proposition 10.10. Let ir = ir(r,0,rf) with < r < p — 1. // p > 5 

then 

dimExt^ /Zi (o-,vr) < 2, dimExt^ /Zi (cr, vr) < 2. (51) 
If p = 3 then 

dimExt^ /Zi (a,7r) < 3, dimExt^ /Zi (cr, vr) < 3. (52) 

Proof. We have Hom^ / Zl (<j,ir) = H.om K / Zl (a, O), since by construc- 
tion sock = soc^:7r. Moreover, since Q.\k is injective in Rep^- ^ we 
have Ext^ / Zi (a, Q) = 0. Hence, 

Rom K/Zl (a, Q/ir) Ext^ /Zl (a, vr). (53) 

It follows from [14, 4.1.5] that if re is any smooth if-representation 
then one has 

T 

Hom x/Zl (a, re) = Ker(Z(re)e x l(n)e x s). (54) 
Now Lemma 10.9, (53) and (54) imply that 

dim ExtL/ Zi (cr, it) < diml(Q/ir)e x — 1 = dimM 1 l(ir)e x . (55) 

It follows from Theorem 7.9 that if p > 5 then dimM 1 Z(7r)e x = 2 and 
if p = 3 then dimM 1 X(vr)e x < 3. The same proof also works for a. □ 

Proposition 10.11. Let it = n(r, 0,n) with < r < p — 1. // p > 5 

then 

dimExt^^vr) < 3. (56) 

If p = 3 then 

dimExt^vr,^) < 4. (57) 
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Proof. Recall that we have an exact sequence: 

c-Indg z a -5- c-Indg z cr -> vr -> 0. (58) 

Applying Hom G (*,7r) to (58) gives an exact sequence 

Hom G (c-Ind^ z a, ir) >• Ext G ^(tt, it) ->• Ext G ^ (c-Ind^ z <r, 7r). (59) 

We may think of this exact sequence first as Yoneda Exts in Rep G ^, 
but since Rep G has enough injectives Yoneda's Ext n is isomorphic 
to R n Horn = Ext G ^. For any A in Rep G ^ we have 

Hom G (c-Ind£ z a, A) Bom K/Zl (a, FA), 

where F : Rep G ^ — s> Rep^ ^ is the restriction. The functor F is exact 
and maps injectives to injectives, hence 

Ext GiC (c-Ind£ z a, A) Ext^ /Zl (a, FA). (60) 

Now (59), (60) and Proposition 10.10 give the assertion. □ 

The same proof gives: 

Corollary 10.12. Let n > 1 and r = a or t = c "^ z a . If 

p > 5 then dimExt G ^(r, ir) < 3; if p = 3 then dimExt G ^(r, ir) < 4. 

Theorem 10.13. Assume p > 2 and 7r = ir(r, 0,-n) supersingular. If 
(p,r) ^ (3,1) then dimExt G( (7r, vr) = 3. 

Proof. Proposition 8.2 or §A gives dimExt G ^(ir, ir) > 3. If < r < 
p—1 then equality follows from Proposition 10.11. If r = or r = p— 1 
then Ext^(I(7r),X(7r)) = and Ext^(I(7r),X(-7r)) is 1-dimensional by 
Lemma 9.3. Hence, (49) and (34) give dimExt G ^(ir, ir) = 3. □ 

For future use we record the following: 

Proposition 10.14. Assume p > 2 and ir = 7r(r, 0, n) supersingular. 
Let — > T(ir) — >■ E — > T(ir) be a non-split extension ofH-modules. 
If(p,r) / (3,1) then dimExt G( (T(£), vr) < 3. 

Proof. If (p, r) ^ (3, 1) then we have R 1 X{ir) = l(ir) l(ir) and so 
dimHom w ( J B,R 1 X(7r)) = 2. So if dimExt^(£,X(7r)) < 1 then (34) 
allows us to conclude. Ifr = 0orr = p— 1 the latter may be deduced 
from Lemma 9.3. If0<r<p-1 and E = E Xl ,\ 2 with AiA 2 / 

then this is given by Lemma 9.5. If A1A2 = then T(E) = c ' ln ^^ ° 
or r = — j^ry and the assertion is given by Corollary 10.12. □ 
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11 Non-supersingular representations 



We compute Ext G ^(r, it), when it is the Steinberg representation of 
G or a character and r is an irreducible representation of G under 
the assumption p > 2. The results of this paper combined with [6] 
give all the extensions between irreducible representations of G, when 
p > 2. We record this below. A lot of cases have been worked out by 
different methods by Colmez [7] and Emerton [8]. The new results of 
this section are determination of M 1 X(Sp), where Sp is the Steinberg 

— X 

representation, and showing that if 7] : G — > ¥ p is a smooth character 
of order 2 then Ext^r/, Sp) = 0. 

— X 

Proposition 11.1. Assume p > 2 and let tp : H — > F p be a character. 
Suppose that Ext]y Zi (ip, Sp) ^ then tp = 1 the trivial character. 
Moreover, dimExt}, Zi (l, Sp) = 2. 

Proof. It follows from (7) that ir(p — 1, 1) = Indp 1. By restricting (5) 
to / we obtain an exact sequence of /-representations: 

0^1^ Indf nps 1 © Ind^ n p 1 Sp -> 0. (61) 

If we set M := Ind^ nps 1 then lndj nP 1 = M n , and M\ H{Ir]U) = 

ind^ /nC ^ 1 is an injective envelope of 1 in Rep#(7 n m. So (61) is 
an analog of Theorem 6.3. The proof of Theorem 7.9 goes through 
without any changes. For p = 3 we note that M Kl = Ind I HKl 1 and 
hence M satisfies the assumptions of Lemma 7.7. □ 

Let oj : Qp — >■ F* be a character, such that oj(p) = 1 and oj\ z x is the 
reduction map composed with the canonical embedding. 

Proposition 11.2. Assume p>2 then R 1 1(1) ^ M(p - 3, 1, oj) and 

M^Sp) = M(p- 1,1), 

Proof. Recall (5) gives an exact sequence 

-> 1 -> ?r(p - 1, 1) -> Sp -> 0. (62) 

Applying X to (62) we get an exact sequence: 

-> M 1 X(l) -> M 1 X(vr(p - 1, 1)) -> M 1 X(Sp). 

Now [6, Thm.7.16] asserts that M^Xfjip - 1, 1)) = Af(p - 3, l,w) 
Af(p-l,l). Nowi/ actsonIR 1 X(l) and M 1 X(7r(p-1, 1)) via h h-> T h -i. 
It follows from Definition 9.2 that 

M(p- 1,1) = 10 1, M(p-3,l,£j) ^a©^ 1 
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as //-representations. Propositions 5.2, 5.4 imply that 

M 1 X(1) = H 1 (I 1 /Z 1 ,1) ^Hom(7i/Zi,F p ) = (k u ,k 1 ) Raffia 4 

as //-representations. Since p > 2 we get M 1 X(1) = M(p — 3, 
Then M(p — 1,1) is a 2-dimensional submodule of M 1 X(Sp). How- 
ever, Proposition 11.1 implies that M 1 X(Sp) is 2-dimensional, so the 
injection is an isomorphism. □ 

Lemma 11.3. Let M be an irreducible Ti-module. If Ext^(M,X(l)) 
or Ext^(M,X(Sp)) is non-zero then M € {X(l),X(Sp)}. Moreover, 

dimExt^(X(l),X(Sp)) = dimExt^(X(Sp),X(l)) = 1. 

Ifp > 2 then Ext^(X(l),X(l)) and Ext^(X(Sp),X(Sp)) are zero, and 
if p = 2 then both spaces are 1- dimensional. 

Proof. Recall that (6) gives an exact sequence: 

-> Sp -> vr(0, 1) -»• 1 -»• 0. (63) 

Applying X we obtain an exact sequence: 

-> X(Sp) -> M(0, 1) -> X(l) -> 0. (64) 

If Ext^(M,X(Sp)) / and M ^ X(l) then from (64) we obtain that 
Ext^(iV,M(0, 1)) ^ 0, and [6, Cor.6.5] implies that M is either a 
subquotient of M(0, 1) or a subquotient of M(p — 1, 1). Hence M = 
X(Sp). Using (62) one can deal in the same way with Ext^(iV,X(l)). 
Since X(l) and X(Sp) are one dimensional, one can verify the rest by 
hand using the description of H in terms of generators and relations 
given in (37). □ 

Let tt and t be irreducible representations of G admitting the same 
central character Q. Assume that tt is not supersingular. When p > 2 
for given tt we are going to list all r such that Extg. ^(r, tt) ^ 0. If one 
is interested in Extg(r, tt) then this can be deduced from Proposition 
8.1. If rj : G — > F* is a smooth character then Extg^r <X> rj, it (g> rj) = 
Extjk^r, tt). Hence, we may assume that tt is 1, Sp or 7r(r, A) with 
A / 6 and (r, A) ^ (0, ±1), (r, A) ^ (p - 1, ±1). Recall if A / and 
(r,A) / (0,±1) then [1, Thm.30] asserts that 

7r(r, A) Ind£ /i A _i <g> /i A w r . (65) 

It follows from (65) that if A ^ ±1 then vr(0, A) = n(p - 1, A). Hence, 
we may assume that 1 < r < p — 1. Propositions 9.1 and 10.2 gives 
us an exact sequence: 

Ext^(X(r),X(7r)) ^ Ext^ f (r,7r) -» Hom^ (X(r) , IR 1 T(tt)). (66) 
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Theorem 11.4. Let tt, t and ( be as above. Assume that p > 2 and 
Extjj^(r, 7r) 7^ 0. Let d be the dimension of Extg ^(r, tt). 

(i) if w = 1 then one of the following holds: 

(a) t = Sp, and d = 1; 

(b) p>5, t = Tr(p - 3, l,w) = Ind^w ® w^ 1 and d = I; 

(c) p = 3, r = Sp ® co o det and d = 1; 
(mJ z/7r = Sp f/ien r = 1 and d = 2; 

Proof This follows from (66), Lemma 11.3 and Proposition 11.2. We 
note that if p = 3 then 7r(p — 3, l,w) is reducible, but has a unique 
irreducible subobject isomorphic to Sp ® uj o det. □ 

For the sake of completeness we also deal with Extg- ^(r, tt) when tt 
is irreducible principal series. We deduce the results from [6, §8], but 
they are also contained in [7] and [8] . 

Theorem 11.5. Let tt, t and £ be as above. Assume that p > 2, 
tt ^ 7r(r, A) with 1 < r < p - 1, A G F* and (r, A) / (p - 1, ±1). Then 

Ext^ f (7r(r,A),7r(r,A)) Hom(<Q£,F p ). 

In particular, dimExt^. ^(vr(r, A), 7r(r, A)) = 2. Moreover, suppose that 
t ^ tt and Ext ^ (r, 7r) 7^ 0. Let d be the dimension of Extg ^(r, 7r) 
t/ien one 0/ i/ie following holds: 

(i) if (r, A) = (p — 2, ±1) f/ien such r does no£ exisi; 

(ii) if (r, A) = (p — 3, ±1) (hence p > 5) then r = Sp ® w~V±i o det 
and d = 1; 

(Hi) otherwise, r = 7r(s, A~ x , lu t+1 ), where < s < p — 2 and s = 
p — 3 — r (mod p — 1), and d = 1. 

Remark 11.6. Note that if tt = tt{t, A) is as in fmj and we wrfe 
7T = Indp Vi ® ^2^~ 1 , ^en it follows from (65) i/iaf 7r(s, A^ 1 , u r+l ) = 
Indp ^2 ® fpiw 1 ■ 

Proof. The first assertion follows from [6, Cor. 8. 2]. Assume that r ^ tt 
then it follows from [6, Cor.6.5, 6.6, 6.7] that Ext^(Z(r),X(vr)) = 0. 
Hence, (66) implies that Ext^ c (r,vr) ^ Hom w (Z(r), R 1 T(tt)). The 
assertions (i),(ii) and (hi) follow from [6, Thm.7.16], where R 1 X(7r) is 
determined. The difference between (ii) and (hi) is accounted for 
by the fact that if r = p — 3 then s = and if A = ±1 then 
7r(s, A -1 , u r+1 ) = 7r(0, ±1, uj p ~ 2 ), which is reducible, but has a unique 
irreducible submodule isomorphic to Sp ® oj~ 1 /j,±i o det. □ 
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A Lower bound on dim Ext G (7r, n) 

Let F be a finite field of characteristic p > 2 and W(F) the ring of 
Witt vectors. Let < r < p - 1 be an integer and set 

. c-Indg z Syn/F 2 
<r) := ^ . 

We note that the endomorphism T is defined over F, see [1, Prop 1]. In 
this section, we bound the dimension of Extg(7r(r), vr(r)) from below, 
using the ideas of Colmez and Kisin. Let L be a finite extension of 
W(F)[l/p] and O the ring of integers in L. Let Qq be the absolute 
Galois group of Q p . Let Kep G be the category of C[G]-modules 
of finite length, with the central character, and such that the action 
of G is continuous for the discrete topology. Let Rep^ Qq p be the 
category of 0[£/q ] -modules of finite length, such that the action of 
Qq p is continuous for the discrete topology. Colmez in [7] has defined 
an exact functor 

V : Rep G — > Rep Gq p ■ 

Set p(r) := V(7r(r)), then p(r) is an absolutely irreducible 2-dimen- 
sional F-representation of Qq p , uniquely determined by the following: 
det p = uj t+1 ; the restriction of p to inertia is isomorphic to uj r 2 +1 © 
uj 2 , where u>2 is the fundamental character of Serre of niveau 2. In 
the notation of [5], p(r) = indwg" 1 " 1 . We note that since, ir(r) and p(r) 
are absolutely irreducible, the functor V induces an isomorphism: 

Hom G (vr(r), vr(r)) Hom^ (p(r),p(r)) * F. (67) 

Let rj : Qq p — > O x be a crystalline character lifting Q := uj r the central 
character of 7r(r). We consider rj as a character of the centre of G, 
Z(G) = Qp via the class field theory. To simplify the notation we 
set 7r := 7r(r) and p := p(r). Let Rep^ G be the full subcategory 
of Rep^) G, such that r is an object in Rep^ G if and only if the 
central character of r is equal to (the image of) 77, and the irreducible 
subquotients of r are isomorphic to n. We note that Rep@ v G is 
abelian. 

For r and k in Kep^G we let Ext^K, r) be the Yoneda Ext 1 in 
Rep^ G, so an element of Ext^K, r) can be viewed as an equivalence 
class of an exact sequence 

O^t^E^k^O, (68) 

where E lies in Rep^ G. Applying V to (68) we get an exact sequence 
-> V(t) -»■ V(^) -> V(k) -> 0. Hence, a map 

Ext^(«,r) -)• Ext^ p (V(«), V(r)). (69) 
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A theorem of Colmez [7, VII. 5. 3] asserts that (69) is injective, when 
r = k = ir. 



Lemma A.l. Let r and k be in Rep^ G then V induces an isomor- 
phism, and an injection respectively: 

Hom G (K,r) Hom gQp (V( K ), V(r)), 
Ext^(K,r)^Ex4 Qp (V( K ),V(T)). 

Proof. We may assume that r ^ and k ^ 0. We argue by induction 
on £(t)+£(k), where £ is the length as an 0[G]-module. If £(t)+£(k) = 
2 then r = k = tt and the assertion about Ext 1 is a Theorem of Colmez 
cited above, the assertion about Horn follows from (67). Assume that 
£(t) > 1 then we have an exact sequence: 

O^r'^r^vr^O. (70) 

Since V is exact we get an exact sequence: 

->• V(r') -> V(r) -> V(?r) ->• 0. (71) 

Applying Homg(K, .) to (70) and Homg Qp (V(k), .) to (71) we obtain 
two long exact sequences, and a map between them induced by V. 
With the obvious notation we get a commutative diagram: 




The first and third vertical arrows are isomorphisms, fourth and sixth 
injections by induction hypothesis. This implies that the second arrow 
is an isomorphism, and the fifth is an injection. Hence, 

Hom G (K,r) Hom gQp (V( K ), V(r)), 

Ext G (K,r)^Ext^(V( K ),V(r)). 

If £(t) = 1 and £(k) > 1 then one may argue similarly with Hom G (., r) 
and Hom gQp (., V(r)). □ 

From now on we assume that (p,r) ^ (3,1). Let Rep^,'' 7 Qq p be the 
full subcategory of Rep^ Qq p , with objects p', such that there exists it' 
in RepQ V G with p' = V(7r'). Lemma A.l implies that V induces an 
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equivalence of categories between Rep^ G and Rep^ Qq p . In partic- 
ular, Rep0 T? Qq p is abelian. We define three deformation problems for 
p, closely following Mazur [12]. Let D u be the universal deformation 
problem; D^ 11 the deformation problem with the determinant condi- 
tion, so that we consider the deformations with determinant equal to 
ojt], [12, §24]; D w ' v a deformation problem with the categorical condi- 
tion, so that we consider those deformations, which as representations 
of 0[(?q ] lie in Rep^^Q , [12, §25], [15]. Since p is absolutely irre- 
ducible, the functors D u , D^, D n > v are (pro-)representable by com- 
plete local noetherian O-algebras R u , i? 4 " 7 , R 77 ' 11 respectively. By the 
universality of R u we have surjections R u -» R^ and R u -» R 77 ' 11 . 

For p' in Rep F Qq p we set h l (p') := dimp H 1 (Qq p , p'). Let V be the 
underlying vector space of p, the Qq p acts by conjugation on Endp V. 
We denote this representation by Ad(p), in particular Ad(p) = p<S>p*. 
Local Tate duality gives 

h 2 (p® p*) = h°(p® p* 0uj) = dim Homg Qj) (p, p®u>). 

Now [4, Lem. 4.2.2] implies that p = p <8> u if and only if p = 
2 or (p, r) = (3,1). Since both cases are excluded here, we have 
h 2 (Ad(p)) = 0. Since p is absolutely irreducible h°(p(gi p*) = 1. The 
local Euler characteristic gives: 

4 = dimp<g>p* = -h°(p®p*) + h}{p®p*) - h 2 (p® p*) 

and so /i 1 (Ad(p)) = 5. Since p > 2 the exact sequence of Gq p - 
representations: 

-> Ad°(p) -> Ad(p) *™ ce F -> 

splits. Hence ^t 1 (Ad°(p)) = 3 and /i 2 (Ad°(p)) = 0. It follows from [11] 
that R u 0[[ti, ... ,t 5 \] and 0[[*i,t 2 ,t 3 ]]. 

Inverting p we get surjections R u [l/p] -» i? WT '[l/p] and i?"[l/p] -» 
R n,T, [l/p], and hence closed embeddings 

Spec [1 /p] ^ Spec iT [1 /p] , Spec i? 7 ^ [1/p] Spec R u [1 /p] . 

Let x G Spec [1/p] be a closed point with residue field £\ Special- 
izing at x we obtain a continuous 2-dimensional ^-representation V x 
of . Suppose that V x is crystalline, and if Ai,A2 are eigenvalues 
of if on D crys (V*) then Ai ^ A 2 and Ai ^ Mp ±l then Berger-Breuil 
in [2] associate to V x a unitary E'-Banach space representation B x of 
G. Choose a G-invariant norm || . || on B x defining the topology and 
such that 1 1 -Be 1 1 C and let B® be the unit ball with respect to | . ||. 
Berger has shown in [3] that B® ®o E F = 7r as G-representations. The 
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constructions in [2] and [7] are mutually inverse to one another. This 
means 

V X = E ®o E lim V(B° x /w%B° x ). 



Hence, every such x also lies in SpecR n,71 [l/p\. A Theorem of Kisin 
[10, 1.3.4] asserts that the set of crystalline points, satisfying the con- 
ditions above, is Zariski dense in Spec R^ll/p]. Since SpecR^fl/p] 
and SpecR n ' 7, [l/p] are closed subsets of SpecR u [l/p], we get that 
Speci? WT '[l/p] is contained in Spec H** [1/p] . Since R W7 >[l/p} is re- 
duced we get a surjective homomorphism R n,rt [l/p] — » R UT1 [l/p]. Let 
I be the kernel of R u -» R^' 71 and let a G I. The image of a in R^'^ll/p] 
is zero, hence a maps to in R wr, [l/p\. Since R wri is p-torsion free, the 
map R^ 71 — > i? wr? [l/p] is injective, and hence the image of a in R^ 71 
is zero. So the surjection R u -» R^ factors through R n ' v -» R^ . 
Let xn-ntf and be the maximal ideals in K*' 71 and R^ 71 respectively. 
Then we obtain a surjection: 



D**(F[e\y -» — =- D u1 >{F[e])*, (72) 



m 



0)7} 



where ¥[e] is the dual numbers, e 2 = 0, and star denotes F-linear 
dual. It follows from (72) that dim F LF>i(F[e]) > dim F D^Ffe]) = 3. 
Now D"(F[ £ ]) Ext FK%] (p,p), [12, §22] and so D^(¥[e]) is iso- 

morphic to the image of Ext^ ^(tt, tt) in Ext F jg Q j(p, p) via (69), where 

Extg ^(-7r, -/r) is Yoneda Ext in the category of smooth F-representations 
of G with central character Now, [7, VII. 5. 3] implies that the map 
Extg ^(7r, 7r) — > ExtJ.jg Q j(p, p) is an injection. We obtain: 

Theorem A. 2. Zei tt be as above and assume that (p, r) ^ (3, 1) then 
dimp Extg ^(tt, tt) > 3. 
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